The conformal frame freedom in theories of gravitation 



Eanna E. Flanagan 

Center for Radiophysics and Space Research, Cornell University, Ithaca, NY 14853-5001. 

It has frequently been claimed in the literature that the classical physical predictions of scalar 
tensor theories of gravity depend on the conformal frame in which the theory is formulated. We argue 
that this claim is false, and that all classical physical predictions are conformal-frame invariants. 
We also respond to criticisms by VoUick gr-qc/0312041 , in which this issue arises, of our recent 
analysis of the Palatini form of 1/R gravity. 
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I. INTRODUCTION 

The observed recent acceleration of the Universe's ex- 
pansion P, has prompted suggestions that the acceler- 
ation can be explained by a modification of general rel- 
ativity HSU 110 In particular Vollick j| suggested 
a model based on adding a term proportional to 1 /R to 
the gravitational action, where R is the Ricci scalar, and 
on usingthe Palatini form of the variational principle. 
In Ref. Q we argued that this model is in conflict with 
low-energy atomic and particle physics experiments, and 
is thus ruled out. Our analysis was criticized in a recent 
paper by Vollick ^(j- I n this paper we respond to these 
criticisms and clarify the arguments presented in Ref. [9| . 

One of the issues that underlies and permeates the 
arguments of Ref. 10] is the nature and status of the 
conformal-frame freedom in gravitation theories. There 
appears to be a widespread misconception in the litera- 
ture on this issue. Specifically, it has often been claimed 
that the predictions of the theory depend on the confor- 
mal frame in which the theory is formulated. A secondary 
purpose of this paper is to review and discuss this issue, 
as background to our discussion of Vollick's criticisms. 
We discuss this issue in Sec. ^ and enumerate and re- 
spond to Vollick's criticisms in Sec. IIIII 



II. 



THE CONFORMAL-FRAME FREEDOM IN 
THEORIES OF GRAVITATION 

Physical theories: mathematical equivalence 
versus physical equivalence 



Vollick [T(J refers to the idea that two different physical 
theories can be mathematically equivalent without being 
physically equivalent. There are two contexts in which 
this idea makes sense. In order to discuss those contexts, 
it is useful to consider some specific examples of physical 
theories. 

As a first example, let 7i be the standard model of par- 
ticle physics, and let 7i> be the standard model with the 
roles of "left-handed" and "right-handed" interchanged. 
Then T\ and T2 will differ due to parity violation in 
the weak interaction. Are these two theories equiva- 
lent? Clearly they are mathematically equivalent, since 
the states of T\ are in one-to-one correspondence with the 
states of 72. They are not physically equivalent, however, 



from the following point of view. We can use specific ob- 
jects exterior to the theory to define right-handed and 
left-handed (for example chiral organic molecules, whose 
chirality depends on an accident of history). With re- 
spect to this standard, the theory T\ is correct while the 
theory Ti disagrees with experiments. 

There is a second point of view, on the other hand, 
according to which the two theories are physically equiv- 
alent. The difference between T\ and 72 amounts to 
a trivial relabeling of what constitutes left-handed and 
right-handed, the specification of which is an arbitrary 
convention. If we were to encounter a specification of a 
model of particle physics from an alien civilization, we 
would not know that civilization's conventions for right- 
handed and left-handed, and we would naturally say that 
the model was correct if there were some choice of conven- 
tion for which the theory agreed with experiment. More 
generally, in this point of view, two theories are physi- 
cally equivalent if any arbitrary conventions used in the 
interpretation of the theory can be chosen to make the 
two theories agree. 

As a second example, consider a general nonlinear a- 
model as a classical field theory in Minkowski spacetime. 
Given an ^-dimensional manifold M with coordinates 
Q A = . . . , $ Ar ), a Riemannian metric 7ab(*I )C ') and 
a potential function V on M, the action is 



S 



d 4 x 



1 



V{$ A ) . 
(2.1) 



This theory can be expressed in different forms using dif- 
ferent choices of coordinates <& A on the manifold M 1 . 
The choice of coordinates is analogous to the labeling of 
left-handed and right-handed in the previous example: it 
is an arbitrary convention. Different choices of coordi- 
nates yield theories that are mathematically equivalent. 

Once again, there are two points of view on whether 
or not different choices of coordinates in Eq. (|2.1|) give 



1 Of course if one takes the dynamical field of the theory to be 
the mapping $ from Minkowski spacetime to M, then a choice 
of coordinates is not needed to define the action 12.11 ; this is the 
standard differential-geometric point of view. Here, in order to 
obtain a theory that ostensibly depends on the choice of coor- 
dinates, we define the dynamical fields of the theory to be the 
coordinate representations & A of the map <!>. 
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rise to physically equivalent theories. In the first point of 
view, an observer could in principle define a set of coordi- 
nates & A without using the properties of these fields en- 
coded in the action 1|2.1[1 . but instead using specific phys- 
ical objects in the observer's vicinity constructed out of 
the fields. For example, the observer might come across 
several boson stars constructed out of different combi- 
nations of the fields, and use those stars to establish a 
coordinate system. If the observer insists on using such 
a definition of the coordinates & A , then only one of the 
actions of form (|2.1(1 will be correct, and the other ones 
(corresponding to other choices of coordinates) will dis- 
agree with observations. This situation is analogous to 
using chiral organic molecules to establish a convention 
for right-handedness, and concluding that only one of the 
two theories 7i and T2 discussed above is correct. 

By contrast, the second point of view disallows the 
use of fixed conventions, like choices of coordinates, that 
are exterior to the specification of the theory. Instead, 
one regards such conventions as mutable and adjustable. 
From this point of view, all choices of coordinates on 
the field manifold M give rise to physically equivalent 
theories. 

It is clear from this discussion that the second point 
of view - in which arbitrary conventions are taken to be 
mutable and not fixed when comparing two theories - 
is the more conventional. For example, most physicists 
would immediately assert that different choices of coordi- 
nates in the action H2.ll) giv e rise to physically equivalent 
theories. Our papers |!jlll| implicitly adopted this point 
of view, and this definition of "physically equivalent." 
Nevertheless, the first point of view is equally logical and 
consistent, albeit laden with the baggage of a fixed, ar- 
bitrary choice of conventions. 

Note that in the second point of view, a theory agrees 
with experiment if there exists some choice of conven- 
tions for which the predictions of the theory agree with 
observations. Conversely, a theory can be falsified only 
by showing that for all choices of conventions, there is 
a disagreement with experiment. In particular, there is 
a danger of a naive analysis that attempts to rule out 
a theory by showing disagreement with experiment for 
only one choice of convention. It is precisely this type 
of fallacy which Vollick Jl claims occurs in our analysis 
@ . We will discuss this crucial point in detail below and 
explain why the fallacy does not in fact occur. 

So far, we have discussed one context in which two 
mathematically equivalent theories can be regarded as 
physically inequivalent, namely when there are arbitrary 
conventions that are fixed and that are independent of 
the specification of the theory. A second context arises 
when one gives an incomplete specification of a physical 
theory. In particular, this arises if one specifies a the- 
ory which constitutes one sector of a larger theory, and 
if interactions in the larger theory determine some con- 
ventions used in the interpretation of the smaller theory. 
For example, source-free electromagnetism is mathemat- 
ically equivalent to a dual theory in which the roles of the 



electric and magnetic fields have been interchanged [l2| . 
This equivalence is not physical however, since once one 
enlarges the theory to include couplings to charged fields 
there are electric charges but no magnetic monopoles. 

The conclusion we draw from this discussion is that 
if two theories are mathematically equivalent, then they 
will always be physically equivalent as long as (i) any 
arbitrary conventions arising in the interpretation of the 
theory are regarded as adjustable, not fixed; and (ii) the 
theory is complete and contains all the degrees of freedom 
that are involved in measurements related to the theory. 



Scalar-tensor theories of gravitation: classical 
considerations 



We now turn to a discussion of scalar-tensor theories 
of gravitation In this section we will treat these 

theories as classical field theories, neglecting quantum 
effects. In the following section we will discuss the ex- 
tent to which the conclusions of this section need to be 
modified by quantum mechanical considerations. 

We start by reviewing some well-known properties of 
scalar-tensor theories. The action for such theories can 
be written as 



d 4 x, 



1 

2^2 



A($)R - is($)(V$) 2 - V($) 



+S m [e 2Q (*V,^ n 



(2.2) 



Here the first term in the action depends on a metric 
g^ v and a scalar field R is the Ricci scalar oto, iv and 
K 2 = 8ttG. We use the sign conventions of Ref . [l4( . The 
second term is the matter action S m [<7 M „ , ip m ] , which is 
some functional of the matter fields ip m and of the metric 



5 M „ = exp[2a($)]g All/ . 



(2.3) 



This action can be taken to be the action of the standard 
model of particle physics. The theory (|2.2|l depends on 
four freely specifiable functions of $: A($>), S($), a($) 
and the potential V(Q). 

As is well known, the form l|2.2|l of the theory is pre- 
served under a group of field redefinitions that contains 
two functional degrees of freedom. Specifically, if one 
defines a new metric g^ and a new scalar field $ via 



/(*) 



_ 27(*)- 

y/iw e 9 to* 



(2.4) 
(2.5) 



for some functions / and 7 with /' > 0, then the action 
(|2.2|l can be rewritten up to a boundary term as 



S = 



^($)i?-^?($)(Vl>) 2 -n$) 



(2.6) 
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Here the transformed functions A(Q), B(<&), V(§>), and 
a($) are given by 



a(l>) = <*[/($)] + 7 ($), 

= e 4 ^*V[/(i>)], 

= e 2 ^*U[/($)], 



(2.7a) 
(2.7b) 
(2.7c) 



(2.7d) 



--y($)^ [/( $)] 



For many theories the transformation group ((2.4(1 - 
((2.5|) can be used to obtain canonical representations of 
the theory, characterized by two free functions instead of 
four. Some of these representations (or choices of "con- 
formal frame") are 

• The Jordan frame, which is characterized by a = 

0, B = 1. The free functions in this frame are 
A($>) and V($>). Freely falling objects built from 
the matter fields ip m follow geodesies of the Jordan- 
frame metric. 

• The Einstein frame, which is characterized by A = 

1, B — 1. The free functions in this frame arc a(<£>) 
and 

• A frame which does not have a standard name that 
is characterized by B = 0, A($>) = <£>. The free 
functions in this frame are a(<£>) and V($>). 

Suppose now that we are given an arbitrary scalar- 
tensor theory, specified by the functions A(<&), £>($), 
V(<&) and a($). Then there is no guarantee that the the- 
ory has a well defined classical dynamics, i.e. a well-posed 
initial value formulation |l5j . For example, in the theory 
B = l, V = a — 0, A— I — k 2 $ 2 /6 of a conformally 
coupled scalar field, there is a class of solutions of the 
equations of motion with no matter given by $ = s/E/k, 
9p,u = any metric with R = 0. Therefore for this theory 
the initial value formulation is ill-posed; local uniqueness 
of solutions fails. However, it is often possible to obtain 
a sensible classical theory by passing to a subspace of 
the phase space defined by restricting the allowed val- 
ues of $ in an initial data set to an open interval of the 
form ($i,$2) 2 - We will restrict attention to theories 
obtained by passing to subspaces of this form which are 
in one-to-one correspondence with the entire phase space 
of an Einstein-frame description 3 . This assumption im- 
plies that all the theories we consider will automatically 
have well-posed initial value formulations, since general 



2 Here we do not exclude <E>i = — oo or $2 = 00. In the cases 
we consider below the condition <3?i < <t> < $2 will be preserved 
under dynamical evolution. 

3 This assumption is equivalent to the conditions A > and T > 



theorems [l^ guarantee this for Einstein-frame theories. 
It also implies that any two theories related by trans- 
formations of the form ((2.4(1 - 1(2.5(1 are mathematically 
equivalent, so that it is natural to call such theories differ- 
ent conformal-frame representations of the same theory. 
Equivalent assumptions are more or less implicit in many 
discussions of scalar tensor theories in the literature. 

We now discuss whether or not different conformal- 
frame representations of a theory are physically equiv- 
alent. One fairly trivial context in which an apparent 
physical inequivalence arises is when the theory is incom- 
pletely specified, when one specifies only the first term in 
the action ((2.2(1 and not the second (matter) term. This 
arises if one adopts a convention in which it is implicit 
that the metric which is being used is the Jordan-frame 
metric, or equivalently in which a($) = 0. In this context 
there is no conformal-frame freedom, since it is clearly 
inconsistent to perform a conformal transformation on 
the first term, thereby transforming the functions A(&), 
B(Q) and V(Q), without keeping track of the transfor- 
mation of the function a(<I>) in the second term. Thus, 
while one can express the action of the theory [the first 
term in Eq. (|2.2[l ] in different conformal frames, only one 
of those frames is physically correct, as pointed out by 
Brans [3 4 . 

Putting aside this special case, turn now to the more 
complete framework where the entire action ((2.21) is spec- 
ified, including the four functions A($), B(&), V($) and 
a($). Are different conformal-frame representations of 
the theory physically equivalent? The action 1(2. 2() is com- 
plete and contains all the relevant degrees of freedom. 
Also the representations are mathematically equivalent 
because of our assumption discussed above. It therefore 
follows from the general discussion of Sec. Ill Al above that 
the different conformal-frame representations are physi- 
cally equivalent, as long as one does not treat as fixed 
any convention that arises in the interpretation of the 
theory. The relevant convention in this case is the in- 
terpretation of the meaning of the metric that appears 
in the theory. For example, suppose one measures the 
distance to the moon using lunar laser ranging and us- 
ing an atomic clock to determine the light travel time. 
In general relativity, the computation corresponding to 
this measurement is straightforward: the atomic clock 
measures proper time associated with the metric. In a 
general scalar-tensor theory and in a general conformal 
frame, however, the time on the clock will not be the 
proper time associated with the metric. Nevertheless one 



on the interval (*i,* 2 ), where T = B/A + 3{A') 2 /(2k 2 A 2 ), and 
,.|) 2 



as $1 — » <E>i from above and as $2 — > ^2 from below. 
4 Some of the confusion in the literature discussed below appar- 
ently arises from a misinterpretation of the context of Brans 's 
argument. 
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can still compute from the action (|2.2|1 the time as mea- 
sured by the clock, and the same result will be obtained 
in all conformal frames. Namely, it will be the proper 
time associated with the metric <|2.3[1 . which from Eqs. 
(|2.5() and H2.7a[) is a conformal-frame invariant. Different 
conformal frames will be physically inequivalent only if 
one insists on interpreting the metric in the theory as the 
metric which is measured by atomic clocks. 

However, it has repeatedly been claimed in the liter- 
ature that only one choice of conformal frame is cor- 
rect or "physical", and that as a consequence different 
conformal-frame representations of a theor y ar e n ot phys- 
ically equivalent [lO, El E HH El El Hi El El El 
5 . Several different criteria have been suggested to de- 
termine the "correct" or "physical" conformal frame, in- 
cluding local positivity of energy fl8L I2TL |25| and the 
existence of a stable ground state [23] 6 - Such efforts 
to determine the "correct" choice of conformal frame are 
misguided, at least in the realm of classical physics. They 
are analogous to attempting to determine the "correct" 
choice of radial coordinate in the Schwarzschild space- 
time. In that context, there is of course no correct radial 
coordinate, since all physical observables are coordinate- 
invariants. In a similar way, all observable quantities 
in scalar-tensor theories are conformal-frame invariants. 
For example, the measured 4-momentum of an isolated 
object is given by the Bondi 4-momentum of the frame- 
invariant metric i|2.3[l . 

We have given a general, abstract argument in favor 
of the physical equivalence of different conformal frames. 
That abstract argument is supported by several explicit 
computations in the literature, where observables have 
been computed in different conformal frames, and where 
consistent results have been obtained. For example, one 
of the key observables of extended inflation models is the 
spectrum of scalar perturbations. This spectrum can be 
computed in the Einstein frame or in the Jordan frame; 
the results are identical [2?l |28| . Another example is 
the careful computation by Armendariz-Picon of the ob- 
served ratio between the frequency of a quasar absorption 
line and the corresponding atomic transition frequency 
as measured in the laboratory p9| . That computation is 
carried out in a theoretical context (more general than 
the context considered here) which allows time variations 
of the fine structure constant. Armendariz-Picon com- 
putes the ratio in both the Einstein and Jordan frames, 
and obtains identical results. 

Vollick ^3 claims that different physical predictions 



A source of confusion is that some authors use the phrase "phys- 
ical frame" as a synonym for Jordan fra me, whereas others 
El El El El IH 113 IH HI IH IIS EH use it in the sense 
discussed here. 

The first of these criteria, the local positivity of G uv u^u v fo r 
timelike vectors , does pick out a unique conformal frame Il8l . 
The second criterion does not, since the existence and stability 
of a suitable ground state is a conformal-frame invariant. 



are obtained in the Einstein and Jordan frames, and cites 
as evidence several papers 0, El 0> Ell that compute 
such differing predictions. The first of these papers jH 
claims that that in the Einstein-frame version of Brans- 
Dicke theory, scalar gravitational waves produce longitu- 
dinal accelerations in gravitational wave detectors, and 
that no such longitudinal accelerations are present in the 
Jordan- frame version of the theory. In fact the prediction 
of both frames is that there is no measurable longitudi- 
nal acceleration 7 . The remaining papers 0, I2I El 
show that the weak energy condition is violated in one 
frame but not in the other. While this is true, there is 
no physical observable whose predicted value in all con- 
formal frames is the sign of G At „w, l/ it M for timelike vectors 
. Thus there is no measurable inconsistency. 



Another aspect of this subject is the equivalence be- 
tween the choice of a conformal frame and the choice 
of physical units, first clearly enunciated by Dicke [30| . 
When we change from one system of units to another, the 
ratio between the original unit of length and the new unit 
of length is normally a constant, independent of space 
and time. However, if the operational procedure used to 
define the unit of length is changed, then the ratio be- 
tween the old and new units can vary with space and 
time 8 . For example, suppose we define units of length 
and time by taking the speed of light to be unity and 
by taking the unit of time to be determined by some 
atomic transition frequency (as in the current SI defini- 
tion of the second). Measurements of the geometry of 
spacetime in these units yield the Jordan-frame metric. 
However, we can instead define a system of units as fol- 
lows. Suppose that we have a nonspinning black hole. 
We can in principle take this to be a "standard" black 
hole (like the original platinum-iridium standard meter), 
and create other nonspinning black holes of the same size. 
Using these black holes we can operationally define a unit 
of time to be the inverse of the frequency of their funda- 
mental quasinormal mode of vibration. If we define the 
speed of light to be unity, and measure the geometry of 
spacetime in these units, the result is the Einstein-frame 
metric. Thus, the choice of conformal frame is no more 
than a choice of physical units, just a human convention. 



7 The error of Ref. 1241 was to assume that the measured accel- 
eration in gravitational-wave detectors corresponds to the rela- 
tive acceleration of two freely falling particles computed in the 
Einstein-frame metric, when in fact it is their relative accelera- 
tion computed in the metric 12.31 which is what is measured. 

8 This is related to the fact that a statement like "Newton's con- 
stant of gravitation is changing with time" is meaningless, while 
the statement "Newton's constant of gravitatio n in SI units is 
changing with time" does make sense. See Duff EH! for a lucid 
discussion of this issue. 
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C. Scalar-tensor theories of gravitation: quantum 
mechanical considerations 

In classical physics, we have argued that scalar ten- 
sor theories can be formulated in any conformal frame 
without affecting the physical predictions of the theory. 
In quantum physics the situation is not as clear cut be- 
cause (i) theories which are classically equivalent can be 
quantum mechanically inequivalent, and (ii) there are the 
usual difficulties in describing quantum gravitational de- 
grees of freedom. The status of the conformal-frame free- 
dom depends to some extent on the level of generality one 
aspires to, i.e., on the theoretical framework or context 
in which one is working. 

One possible context is a semiclassical approximation 
in which the matter fields ip m in the action l|2.2|l are 
treated quantum mechanically, but the fields g M „ and $ 
are treated classically. Here the arguments of the last 
section continue to apply, and identical predictions are 
obtained from all conformal frames. However, the argu- 
ments in Ref. |2( used a quantum mechanical treatment 
of the field so this context is not sufficiently general 
for our purposes. 

A second context is a semiclassical approximation in 
which the matter fields ip m and the scalar field <& are 
treated quantum mechanically, but the metric g M „ is 
treated classically. Here it is well-known that quantiza- 
tion does not commute with changing conformal frames 
[l8L l3^ | , so that by starting in different conformal frames 
one obtains theories that are mathematically and phys- 
ically inequivalent. On the other hand, one would ex- 
pect to find such conformal-frame dependence from an 
approximation that freezes the quantum fluctuations in 
a conformal-frame-dependent combination of the scalar 
and tensor degrees of freedom. There is no evidence in 
this context that the frame dependence seen is not an 
artifact of the approximation being used, or that frame 
invariance is not present at a more fundamental level in 
a full quantum theory. 

A third context is full quantum gravity. Here it is 
certainly conceivable that applying a quantization pro- 
cedure to different conformal-frame representations of 
a theory will yield inequivalent quantum theories 910 . 
In fact, computations in two dimensional dilaton grav- 
ity theories indicate that such inequivalence does occur 



9 See for example the analysis of Ref. l33l where the two quan- 
tum theories obtained are not obviously equivalent, although the 
black hole entropies computed in the two different frames agree. 
10 In this paper we restrict attention to theories for which there 
exist some conformal frame in which A- = & = 1, as dis- 
cussed in footnote 3 above. However, one could instead con- 
sider the class of scalar-tensor theories which are exactly equiv- 
alent to general relativity at the classical level. For these 
theories = A($), V(<J>) = 0, -4(<I>) = exp[2A($)], and 

B(<S>) = -6exp[2A($)]A / ($) 2 /K 2 for some function A($). In Ref. 



|34l 1351 l36j. However, the status of the conformal frame 
freedom in full quantum gravity is actually irrelevant for 
our purposes, since the arguments presented in Ref. @ 
do not rely on this status. 

A fourth context is the theoretical framework of ef- 
fective field theory, where all the degrees of freedom are 
treated quantum mechanically but only low energy pro- 
cesses can be computed accurately. This is the context 
that was implicitly assumed in Ref. and is the most 
appropriate and useful context for the arguments pre- 
sented there. It can be applied to general relativity 
pM l3^| and to scalar-tensor theories in the regime of 
small perturbations off Minkowski spacetime. A key re- 
sult in this context is the equivalence theorem, which says 
that the scattering matrix is invariant under nonlinear lo- 
cal field redefinitions It follows from this theorem 
that tree-level particle scattering cross sections can be 
computed in any conformal frame, and identical results 
will be obtained. As we discuss in the next section, this 
result is sufficient for the arguments of Ref. [!j . 



III. PALATINI FORM OF 1/R GRAVITY 



In this section we discuss the specific criticisms of Ref. 
IfJ . We start by briefly reviewing the argument of Ref. 



m 



it is shown that these theories are quantum mechanically 
equivalent to general relativity. 



A. Review of derivation 

In the theory of gravity suggested in Ref. @ , the dy- 
namical variables are a metric g^v, a symmetric connec- 
tion V^, and the matter fields ip m . The action is 



(3.1) 

where R is the Ricci scalar of the connection and 
f(R) = R — fi 4 /R. In the variational principle the met- 
ric and connection are treated as independent variables 
according to the Palatini prescription. In Ref. we 
derived another description of the theory by (i) making 
field redefinitions; (ii) setting to zero some degrees of 
freedom which vanish classically on-shell; (iii) adding a 
new scalar field which vanishes classically on-shell; and 
(iv) discarding a boundary term. The last three steps are 
valid classically, and also quantum mechanically if one is 
only interested in computing tree-level scattering cross 
sections as we do below. The resulting action depends 
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on a metric g^ and a scalar field $ and is given by 11 

R 



+S tD [, 



,2a(*; 



9 'nv, 1pm] , 



(3.2) 



where the potential V(&) and coupling function a(<I>) are 
given by Eqs. (9) and (f f ) of Ref. 0. 

A key point about the action l|3.2|) is that the scalar 
field is not an independent dynamical variable, but can 
be eliminated from the action. One then obtains a the- 
ory consisting of general relativity coupled to a modified 
matter action. Taking the matter action to be the Dirac 
action for free electrons, integrating out the scalar field 
and rescaling the metric g^ (4/3)<?^„ gives 



S[g,j. v , * e ] = / d 4 x^/^g 



R 
2^2 



_3\/3_ 
16mf 



(i^V^e) 2 - 



1 m 



4 -(i*e7' 1 V^ e )(* e *e 



f(*efe) 2 



(3.3) 



where k = to* = \J Ji/~k~ and A = /i 2 /(a/3k 2 ) is 

the induced cosmological constant. The last three terms 
in Eq. (|3.3|l are characterized by the energy scale to* 
which is of order f -3 eV. Since this energy scale is so 
small, one expects the action (|3.3|l to be in conflict with 
atomic physics and particle physics experiments, for ex- 
ample electron-electron scattering. This is discussed in 
more detail in Sec. IIII 01 below. 



B. Objections to derivation 

Vollick ^} gives several objections to the above deriva- 
tion: 



"Failure to properly identify the physical frame" 



2. "Failure to ... add the minimally coupled matter 
Lagrangian in [the physical] frame" 

The choice of frame in which to add the minimally 
coupled matter Lagrangian is a part of the specification 
of the theory of gravity, as discussed in Sec. Ill Bl That 
specification was given in Refs. Hli| via the action <|3~T|l . 
Ref. did not make any choices in this regard; it simply 
analyzed the given theory of gravity. 



3. "The physical inequivalence of the Jordan and Einstein 
frames ... has been shown by many authors" 

This issue was discussed in Sees. Ill Bl and III Cl One ad- 
ditional source of confusion is the following. Vollick 0] 
gives an example of two conformally related metrics and 
notes that they are not physically equivalent. However, 
in order to determine whether two different situations are 
physically equivalent, one needs to specify not only the 
metric, but also the scalar field and the four functions 
that define the theory of gravity. For example, consider 
the following three different situations: 

a. The metric and scalar field are g^ v and $, and 
the theory is defined by the functions A($>), 
F($) and a($). 

b. The metric and scalar field are g^ v and $, related 
to g^y and <& by Eqs. I|2.4|l - (|2.5[) . and the theory 
is defined by the same functions A, B, V and a as 
before. 

c. The metric and scalar field are g^ and $, and the 
theory is defined by the functions A, B, V and a 
given by Eqs. 1)2. 7dl) . 

Here a. and b. are not physically equivalent, as noted 
by Vollick. However a. and c. are physically equivalent, 
and it is this which underlies the equivalence between the 
Einstein and Jordan frames. 



As we have argued in Sees. Ill Bl and III CI we disagree 
that one needs to identify a preferred "physical" confor- 
mal frame in order to define the theory 12 . 



4- "One cannot add a minimally coupled Lagrangian in one 
frame and then transform to another frame ... all predictions 
of the theory must be calculated in [the physical] frame" 



11 Actually there are two sectors of the theory 13.11 . each with its 
own Einstein-frame description. The first sector is defined by 
the requirement that the sign of the right hand side of Eq. (20) 
of Ref. be positive, and it is described by the action 13.21 . In 
the second sector the right hand side of Eq. (20) of Ref. |£| is 
negative, and it is described by the action 13.21 with the sign of 
the potential flipped. The derivation of Eq. 13.31 below and the 
subsequent arguments are valid in bot h s ectors. 

12 We reiterate that here and in Ref. 1 1 (1 the phrase "physical 
frame" is not used as a synonym for Jordan frame. It is cer- 
tainly true that a specification of which frame is the Jordan frame 
[which is equivalent to specifying the coupling function a('I > )] is 
necessary to define the theory. 



We disagree with these assertions. As we have ar- 
gued in Sees. Ill Bl and III CI all physical observables are 
conformal-frame-invariants, and so can be computed in 
any convenient frame. This is true classically, and also 
quantum mechanically for tree-level scattering ampli- 
tudes. These assertions would only be true if one insisted 
on associating particular operational meanings to the dy- 
namical fields appearing in the Lagrangian. In the point 
of view we adopt here [the second of the two points of 
view discussed in Sec. Ill A] , we remain agnostic as to the 
physical interpretation of the dynamical fields |29l | , and 
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as a consequence we can perform computations in any 
conformal frame. 

However, the spirit of this objection can be translated 
into our point of view. It can be summarized as "In the 
action l|3.3[l . how do we know that the fields and ^f c 
correspond to the graviton and electron that we actu- 
ally measure? How do we know that there is not some 
nonlinear local field redefinition which defines "graviton" 
and "electron" fields as nonlinear functions of g^ v and ty c 
in such a way that the action becomes the conventional 
standard model action when expressed in terms of these 
new fields?" This is a valid concern (c.f. the discussion 
near the end of Sec. Ill Al above) which we now discuss. 
Consider the specific case of the scattering of two non- 
relativistic electrons. The key point here is the equiv- 
alence theorem discussed in Sec. Ill CI above .40j . This 
theorem guarantees that the electron-electron scattering 
cross section is invariant under nonlinear local field re- 
definitions. Thus, we are free to use the form (|3.3|) of the 
action to compute that cross section. 



C. Confrontation with experiment 

In this section we discuss in more detail the predictions 
of the action l|3.3|) and the extent to which they disagree 
with experiments, and we correct an error in the corre- 
sponding discussion in Ref. U- We use units in which 
H = 1 but 1. 

We focus attention on the interactions of non- 
relativistic electrons. For this purpose it is a good ap- 
proximation to neglect perturbations of the metric and 
take <? M „ = rj^ . We can derive a non-relativistic descrip- 
tion in the standard way, by writing the 4-component 
spinor ^> c in a specific Lorentz frame as 



*n = e" 



(3.4) 



solving the equation of motion for substituting that 
solution back into the action, and discarding relativistic 
corrections. The result at leading order is the following 
action for the electron field $ 



S 



(Txdt 



1 



2m, 



■(V$) f (V$) + .g($ t $) 



(3.5) 

where the coupling constant is g = — \fSm 2 /{4$,cm^). 
The action l|3.5|l yields at leading order the follow- 
ing Hamiltonian describing the interaction of two non- 
relativistic electrons: 



H 



1L 

2m P 



r> 2 

2m e 



{3m\ 



l r i - r 2| 



<5 3 (ri 



r2 



(3.6) 



order correction is a contact interaction. The Hamil- 
tonian 13. 6|) yields for the total cross section for back- 
ward 13 scattering the conventional result a ~ e 4 /E 2 for 
E <C e 2 m*c/m 3 ~ 10~ 32 eV, where E is the center of 
mass energy, whereas for E 3> e 2 m 4 c/m 3 we obtain the 
modified prediction 

- - D (3-7) 



Based on this prediction, we claimed in Ref. [!j that the 
action l|3.3|l disagrees with experiments. 

However, this claim is not quite correct, because the 
prediction l|3.8|l is only valid in an energy regime which 
is inaccessible to experiments. This is so for two rea- 
sons. First, the higher order corrections indicated by 
the dots in Eq. 1)3. 3fl give rise to corrections to the ac- 
tion 13.5fl . For example, there is a term proportional 
to TOg($t<i)) 3 /(c 4 m^). These correction terms become 
important at energies E > E c — 77j*c 2 (r7j»/m c ) 5 / 3 ~ 
10 _18 eV. At energies above E c an accurate computa- 
tion of the tree level cross section would require an infi- 
nite number of terms. Second, although the theory l|3.3|) 
is a weakly coupled effective quantum field theory at low 
energies, there are indications that above a certain energy 
scale it becomes strongly coupled, i.e. loop corrections 
become large. This follows from the fact that the tree 
level s-wave electron-electron scattering cross section ob- 
tained from the action l|3.5|l is of order ~ m 2 g 2 , which 
exceeds the unitarity limit ~ l/(m c E) |4l| for energies 
above 



En, 



1 



KT 62 eV. 



(3.8) 



The same conclusion can also be reached by applying di- 
mensional analysis ^3 to the action 1)3. 5fl . The coupling 
g has dimensions [M] -3 / 2 [i?] -1 / 2 , and so for a process of 
energy E the interaction term in the action l|3.5|l will give 

a contribution to S of order gmJ 2 E x l 2 ~ {E/E sc f/ 2 . 
Therefore the effective description will break down at 
E ~ E sc . Of course, this conclusion might be modified 
once one includes in the analysis all of the other fields 
in the standard model besides the electron. Nevertheless 
the indication is that the resulting theory probably be- 
comes strongly coupled at energy scales that are too low 
to be accessible to experiments. 

Therefore, while one expects large corrections from the 
extra terms in the action l|3.3|l , it is not possible to com- 
pute these corrections reliably at accessible energy scales. 
Thus, it is not possible to definitively rule out the theory. 
However, one can make the following general arguments 
against the theory 113. 1H as model of the Universe's ac- 
celeration. First, in this theory one looses the ability to 



Here (5 is a dimensionless constant of order unity, ri, r 2 , 
p>! and p 2 are the positions and momenta of the two 
electrons, we have added the Coulomb interaction term 
and we have neglected spin effects. Thus, the leading 



13 We choose to focus on this observable since the total forward 
plus backward Coulomb scattering cross section diverges. 
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make predictions in atomic physics and low energy par- 
ticle physics. That is, the theory replaces the standard 
model of particle physics with a matter field theory which 
is strongly coupled at low energies. Normally, in posit- 
ing a modification to gravity one would like to retain the 
successful theoretical description of atomic physics pro- 
vided by the standard model. Second, in order to make 
a quantitative model of the acceleration of the Universe, 
one needs to invoke the approximation that the Universe 
is homogeneous. This approximation is invalid for the 
theory and so one cannot justify any Friedmann- 

Robertson- Walker models 0. For these reasons we feel 



that this theory does not provide a successful model of 
the Universe's acceleration. 
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